Excitation of a high-Q subradiant resonance mode in mirrored single-gap asymmetric split ring resonator terahertz metamaterials Appl. Phys. Lett. 101, 071108 (2012) Towards left-handed metamaterials using single-size dielectric resonators: The case of TiO2-disks at millimeter wavelengths Appl. Phys. Lett. 101, 042909 (2012) Negative refraction and partial focusing with a crossed wire mesh: Physical insights and experimental verification Appl. Phys. Lett. 101, 021104 (2012) Microwave resonances of ultrathin hexagonally symmetric microcavity arrays J. Appl. Phys. 112, 014904 (2012) Frequency-dispersive resistance of high impedance surface absorber with trapezoid-coupling pattern J. Appl. Phys. 112, 014106 (2012) Additional information on J. Appl. Phys. (2011)], we present a rigorous analytical model applicable to mantle cloaking of cylindrical objects using 1D and 2D sub-wavelength conformal frequency selective surface (FSS) elements. The model is based on Lorenz-Mie scattering theory which utilizes the two-sided impedance boundary conditions at the interface of the sub-wavelength elements. The FSS arrays considered in this work are composed of 1D horizontal and vertical metallic strips and 2D printed (patches, Jerusalem crosses, and cross dipoles) and slotted structures (meshes, slot-Jerusalem crosses, and slot-cross dipoles). It is shown that the analytical gridimpedance expressions derived for the planar arrays of sub-wavelength elements may be successfully used to model and tailor the surface reactance of cylindrical conformal mantle cloaks. By properly tailoring the surface reactance of the cloak, the total scattering from the cylinder can be significantly reduced, thus rendering the object invisible over the range of frequencies of interest (i.e., at microwaves and far-infrared). The results obtained using our analytical model for mantle cloaks are validated against full-wave numerical simulations. V C 2012 American Institute of Physics.
I. INTRODUCTION
Achieving invisibility with electromagnetic metamaterials has been discussed in a variety of possible scenarios. One of the most successful approach is the coordinate transformation (CT) cloaking method, put forward by Pendry et al. 1 and Leonhardt. 2 This technique is based on the principle of bending the electromagnetic waves around an object by utilizing a surrounding medium (cloak) with specific inhomogeneity and anisotropic properties. This ensures that the waves travel around the object with no reflection, thus making the region inside the cloak effectively undetectable. With recent improvements in metamaterial fabrication technology, experimental demonstrations have verified the CT method at microwaves 3 and visible frequencies. 4, 5 Since then there has been an increased interest in the study of electromagnetic cloaking realized with metamaterials, due to its vast significance and potential applications in camouflaging, non-invasive probing, and low observability, among others. Alternative approaches to metamaterial cloaking, which have recently received much attention include the plasmonic cloaking 6 and cylindrical transmission-line cloaking. 7, 8 A common feature of all of the above mentioned cloaking techniques is that they utilize bulk volumetric metamaterials, which are not only difficult to realize but also have a finite thickness often comparable with the size of the region to be cloaked. To overcome this issue, recently a different cloaking technique [9] [10] [11] based on the concept of mantle cloaking has been proposed to reduce the visibility of objects of various shapes. This technique is based on the scattering cancellation properties of the mantle cloak (realized using an ultra thin conformal metasurface) characterized by an average surface reactance of choice. By adjusting the parameters of the metasurface inclusions, one can achieve the desired surface reactance, which can effectively cancel the scattering from a given object, thus reducing its overall visibility. In these studies on mantle cloak, once the required average surface reactance has been analytically determined, the specific design of the metasurface has been carried out by optimizing numerically the shape and parameters of the metasurface elements, without necessarily providing a clear analytical recipe on the individual elements forming the metasurface.
To overcome the above time consuming numerical optimization procedure with the aim to quickly and efficiently design practical mantle cloaks for cylindrical objects, in the present paper we propose a simple and accurate analytical model to design conformal mantle cloaks formed by subwavelength periodic printed and slotted arrays. We consider a variety of 1D and 2D arrays with sub-wavelength frequency selective surface (FSS) elements, such as strips, 12 mesh grids and patches, [12] [13] [14] [15] [16] Jerusalem crosses, 17, 18 and cross dipoles, 19 whose closed-form analytical expressions of the surface reactance for planar configurations [12] [13] [14] [15] [16] [17] [18] [19] are available in the literature. These expressions have been obtained as a solution of a plane-wave scattering problem, which relate averaged fields to the induced averaged surface current density. With the assumption that the size of the periodic elements forming the cylindrical cloak is deeply subwavelength, in the present paper we utilize the expressions derived for planar configurations in order to model the JOURNAL OF APPLIED PHYSICS 112, 034907 (2012) surface reactance of the cylindrical mantle cloaks. This tremendously facilitates and provides a rapid and accurate analysis to characterize and optimize the shape and design of cylindrical metasurface inclusions in realizing the required surface reactances, which can be used to reduce the overall scattering from a given object at the design frequency. The scattering problem is then solved by using the Lorenz-Mie scattering theory, 20, 21 which employs the sheet impedance boundary conditions on the surface of the FSS elements, and the analytical results are accurately validated with full-wave simulations. In the following, we also discuss the underlying physical phenomena involved with mantle cloaking with conformal metasurfaces, the conditions of applicability of the analytical expressions for cylindrical cloaks, and the robustness of the cloaking method by considering the frequency dispersion of the FSS elements. This way of optimizing the surface reactance of cylindrical metasurfaces, based on the analytical expressions available for planar configurations, has not been proposed before, and is the main novelty of the present work. Moreover, the proposed model provides accurate design rules that provide very fast results when compared to the extensive numerical simulations with high frequency structure simulator (HFSS). 22 The paper is organized as follows. In Sec. II, the formalism of our analytical model for the analysis of 2D cylindrical objects covered by sub-wavelength conformal FSS elements is presented. In Secs. III and IV, we focus on the applicability of the grid expressions for the cylindrical conformal printed and slotted cloaks (which have been originally derived for planar sub-wavelength elements), and then discuss under which conditions it is possible to significantly reduce the total scattering from a given object using various 1D and 2D sub-wavelength conformal FSS cloaks. Conclusions regarding the applicability of the analytical model are drawn in Sec. V. The time dependence of the form e jxt is assumed and suppressed.
II. THEORETICAL ANALYSIS
Consider a transverse magnetic (TM) polarized plane wave normally incident (h ¼ 90 ) on an infinitely long dielectric cylinder with relative permittivity e r , radius a, covered by a mantle cloak with radius a c , with the space between the cloak and the cylinder filled by a dielectric of thickness a c À a, and relative permittivity e c , as shown in Fig. 1(a) . The mantle cloak in this paper is realized using various commonly used patterned metasurfaces or FSS elements [some of the considered geometries are shown in Figs. 1(b) and 1(c)]. With the assumption that the unit-cell size of the FSS elements is much smaller than the wavelength of operation, the metasurface can then be characterized by an homogeneous surface impedance Z s , which relates the macroscopic (averaged over the unit-cell) tangential electric field on the surface to the induced averaged electric surface current density: E tan ¼ Z s J. In terms of effective circuit parameters, 12, 13 Z s can be written as R s þ jX s , where R s represents surface losses and X s takes into account the stored energy, and it can be either inductive (X s > 0) or capacitive (X s < 0) reactance of the FSS structure. In the lossless case, we have Z s ¼ jX s , i.e., R s ¼ 0. In the limiting cases of X s ! 61, we have a dielectric cylinder with no cloak, as the metasurface does not interact with the impinging field (no induced surface currents). The scattering problem is solved by applying the Lorenz-Mie scattering theory, 20, 21 along with the following boundary conditions: (1) continuity of tangential components of electric and magnetic fields at the boundary of the core (q ¼ a) and (2) two-sided impedance boundary conditions at the interface of the mantle cloak (q ¼ a c ). The two-sided impedance boundary conditions establish that the tangential electric E t and magnetic H t fields can be related via the sheet impedance, i.e.,
where Z s is the surface impedance of the mantle cloak covering the cylinder. Figures 1(b) and 1(c) show some of the mantle cloak geometries that we have considered in our design, which can provide the necessary surface reactances. These canonical FSS designs have been well characterized in planar configurations, and accurate analytical expressions for their averaged surface impedances are available for a planewave incidence. Details of these analytical expressions for various planar periodic sub-wavelength elements (strips, meshes, patches, Jerusalem crosses, cross dipoles, slotted Jerusalem crosses, and slotted cross dipoles), which are used in the design of mantle cloaks in the following, are provided in the Appendix. Analytical expressions for cylindrical FSS periodic arrays are not available in the literature, but since the inclusions are deeply sub-wavelength in our designs and the radius of curvature is infinite in the direction of polarization of the impinging electric field, one may expect that these formulas may still hold with a good degree of accuracy. We verify this hypothesis in the next sections with full-wave simulations. Once the surface impedance is known, the scattering problem may be solved and the total bi-scattering width (SW) (/ ¼ 0), which is a quantitative measure of the detectability of the cylinder, is given by
where c are not given here for the sake of brevity, but can be found in Ref. 11 . By proper selection of e c ; a c , and X s , the value of P TM l can be made zero, which would reduce the overall scattering of the object. Provided that the l th scattering order dominates the scattering of the object, this may lead to a drastic suppression of the overall visibility. For transverse electric (TE) polarization, the expressions for scattering coefficient and SW can be easily obtained by electromagnetic duality. It should be noted here that the above formulation holds as along as the polarization coupling is negligible, i.e., when pure TM or TE incident cylindrical waves excite only TM or TE scattered waves, respectively. This ideally holds only for a normal incidence or for objects with a small transverse cross-section. In the more general case of oblique incidence, where polarization coupling is present, Eq. (2) can be modified to include TM-TE coupling, as discussed in Ref. 23 .
III. 1D CYLINDRICAL CLOAKS
Based on the study carried out in Ref. 11 for the 2D cylindrical objects (such as dielectric and perfect electric conductor (PEC) cylinders) covered by ideal lossless and dispersionless reactive mantle cloaks, here we realize the required surface reactances (inductive or capacitive reactance) using the 1D conformal sub-wavelength metallic FSS elements (such as strips, shown in Figs. 2(d) and 5(d)). The required surface reactances of the conformal FSS elements are achieved using the analytical grid-impedance expressions given in the Appendix (Eqs. (A2) and (A4)) for the planar case. Although, these expressions have been derived for the planar case, here we use them to model and tailor the properties of conformal cylindrical FSS cloaks, and show that, under the conditions outlined above on the sub-wavelength size of the elements, this approximation is valid. Further, we validate the results obtained using our analytical model with numerical simulations.
A. Dielectric cylinder
To demonstrate the concept of mantle cloaking using FSS elements, we begin with the understanding of the scattering properties (or SW) of a dielectric cylinder with e r ¼ 10 and radius a ¼ k 0 =10 (k 0 is the free-space wavelength at the design frequency f 0 ), covered by an ideal mantle cloak with radius a c , for a TM-polarized plane-wave at normal incidence (h ¼ 90 ) (as shown in Fig. 2(a) ). This case has been studied in Ref. 11 for various a c , and it was shown that a mantle cloak with inductive surface reactance is necessary to reduce the scattering from a dielectric cylinder (for results, see Fig. 4 in Ref. 11). In particular, for the conformal cloak, a c ¼ a, it was observed that maximum scattering cancellation occurs at X s ¼ 49:8 X. The physical mechanism behind this scattering reduction can be understood as the destructive interference at all angles between the fields radiated by the induced currents on the mantle cloak and the fields scattered by the dielectric cylinder. In order to realize the required surface reactance (X s ¼ 49:8 X; a c ¼ a), in the present work we use first a 1D periodic array of metallic vertical strips (shown in Fig. 2(d) ). This is an obvious choice, because the vertical strips are very well known [12] [13] [14] to provide an inductive surface reactance in the planar configuration for electric field parallel to the strips ( Fig. 2(d) ). In this case, the averaged surface impedance has the analytical expression given in the Appendix (Eq. (A2)). Obviously, the orientation of the strips plays a very important role in the design of the mantle cloak. Since cylinders with moderate cross-sections are dominated by TM scattering with electric field parallel to the cylinder axis, the mantle cloak strips should be oriented as in Fig. 2(c) . We can expect that the analytical model in Eq. (A2), formally derived for a planar configuration, may still hold with a good accuracy in this cylindrical configuration, as long as the spacing between neighbouring strips is small, since the strips are not curved along their axis.
The grid-impedance expression in Eq. (A2) is frequency dispersive and it also depends on the grid parameters, i.e., the period D and width w. Since the vertical strips are positioned around the cylinder in the /-direction, the total number of strips N depends on the periodicity D of the FSS elements, i.e., N ¼ 2pa=D. Table I required surface inductance using Eq. (A2). In Fig. 3(a) , we show the predicted frequency variation of the SW for different designs in Table I , obtained after substituting the analytical expression for Z s given in Eq. (A2) in the expressions of P TM l and Q TM l (given in Ref . 11), along with the SW of the ideal mantle cloak. It is clear that the inductive strips with different periodicities generate precisely the same SWs; however, they cannot reproduce the exact behavior of the ideal mantle cloak. This small discrepancy between the SWs is related to the fact that the inductive strip FSS is frequency dispersive. In Fig. 3 (b), we compare these analytical results with full-wave simulations of mantle-cloaks with a different number of strips, using the same design parameters from Table I. In the figure, only a single analytical curve is shown, because the analytical results for different N overlap with good approximation. It is seen that, as N increases, the numerical results move closer to the analytical results (shown by the pink solid curve). In particular, when N > 2, since the neighbouring strips do not feel the effect of the curvature and the planar model holds with very good accuracy.
To further show the effect of cloaking, in Fig. 4 we show the corresponding full-wave simulations of the nearfield amplitude (Figs. 4(a) and 4(b) ) and vector power-flow distributions (Figs. 4(c) and 4(d) ), and far-field radiation patterns (Fig. 4(e) ) of the cylinder with and without the 1D periodic inductive strip cloak (N ¼ 10, see Table I for design parameters), respectively. A plane wave travelling along the þx-direction with electric field parallel to the z-axis, illuminates the structures in all the cases. In the presence of the cloak, as shown in Fig. 4(a) , the scattering from the cylinder is drastically suppressed in all directions and one can see uniform planar wavefronts of the E-field even in the very nearfield of the cylinder, with the field penetrating through the object. As expected, the cylinder without the cloak scatters the impinging wave in all directions, as shown in Fig. 4(b) . drifted around and through the cloak without causing much perturbation. However, for the case of no cloak, shown in Fig. 4(d) , it is clear that the power distribution is highly perturbed by the object, and one can notice the shadow region in the forward direction. Figure 4 (e) shows the far-field radiation patterns of the two scenarios, showing drastically reduced scattering for all observation angles when comparing cloak and no-cloak cases.
B. Conducting cylinder
We consider now a conducting cylinder with radius a ¼ k 0 =10 covered by an ideal mantle cloak with radius a c , characterized by a homogeneous, lossless, and dipersionless surface reactance X s (analogous to the dielectric cylinder discussed in Sec. III A), as shown in Fig. 5(a) . In this case, the field cannot penetrate the object and, unlike the dielectric scenario where the cloak can be conformed to the object, here, due to the zero impedance of the conducting cylinder, there must be a gap between the cloak and the object to avoid an electric short. After studying the SW properties of the conducting cylinder with an ideal mantle cloak, it was observed that the cloak with capacitive response may significantly reduce the overall scattering 11 (the results are omitted here for the sake of brevity). For the cases a c ¼ 1:1a; a c ¼ 1:15a, and a c ¼ 1:25a, the corresponding values of surface reactances that give minimum SW at the design frequency are X s ¼ À25 X; À39 X, and À69 X, respectively. Based on the required values of X s , here we need to consider capacitive strips 13 to realize the required surface impedance, using the geometry shown in Fig. 5(d) . Similar to the inductive strips case presented above, also here, the orientation of the capacitive strips is important in the cloak design. In this case, the E-field should be perpendicular to the direction of the strips to generate the capacitive response from the grid, as indicated in Fig. 5(d) . This implies that horizontal capacitive rings, as sketched in Fig. 5(c) , wrapped around the cylinder would constitute the best geometry to cloak conducting cylinders. Also, in this case, we use the analytical grid-impedance expression 12, 13 given in the Appendix (Eq. (A4)), valid for the planar case, and we validate them against full-wave simulations to make sure that the curvature of the ring does not dramatically affect the local impedance value. We expect the model to be accurate, as long as the aspect ratio of the rings is large. We validate this model in Fig. 6 for a c ¼ 1:25a, and the required surface reactance is realized by choosing D ¼ k 0 =8; g ¼ k 0 =69, and a dielectric spacer (between the cloak and the metallic cylinder) with e c ¼ 10. A significant reduction in scattering from the metallic cylinder is achieved also in this case, when compared to the case without cloak of comparable cross-section. In addition, the SW frequency dispersion calculated with full-wave numerical simulations agrees well with the analytical model based on Eq. (A4).
Figures 7(a) and 7(b) show the corresponding E-field distribution on the (x-y) plane or azimuthal plane (/-plane) for the conducting cylinder with and without cloak, respectively, for a plane wave propagating in the þx-direction. It is clear that the capacitive ring mantle cloak can drastically suppress the scattering from the cylinder restoring quasiplanar field amplitudes in the near-and far-field regions. Similarly, Figs. 7(c) and 7(d) show the power-flow distribution on the /-plane for the conducting cylinder with and without the mantle cloak, respectively, verifying that in the presence of cloak most of the energy is drifted around the cylinder without causing much perturbation. Finally, in Fig.  7 (e), we show the corresponding far-field radiation patterns, confirming that the scattered field is suppressed quite significantly by the capacitive ring cloak for all observation angles.
It is obvious that, due to the 1D geometry of the mantle cloak considered in this section, the scattering reduction is strongly dependent on the polarization of incidence. This is not an issue for dielectric cylinders with electrically small transverse cross-section, which are typically dominated by TM scattering. However, for conducting cylinders and thicker objects it may be desirable to realize more isotropic performance. To address this issue, in Sec. IV we propose various 2D periodic sub-wavelength patterned mantle cloaks which provide cloaking for both polarizations independent of the incidence plane.
IV. 2D CYLINDRICAL CLOAKS A. Dielectric cylinder
Extending the analysis carried out in the previous section, we focus here on mantle cloaks patterned with various 2D sub-wavelength periodic elements. In general, it is not necessarily relevant to suppress the scattering for both TM and TE polarizations simultaneously at the same frequency. This is because, in the case of dielectric cylinders of moderate sizes, such as those considered in this work, the scattering is commonly dominated by one of the two responses. Thus, we concentrate on cancelling the TM-polarized scattering, which usually dominates the response for dielectric cylinders, and design an optimized cloak with maximum scattering suppression for this polarization. We then analyze its behavior for TE-polarized incident waves.
Following the results in the previous section we need a 2D conformal mantle cloak with inductive response. Here, we propose three different suitable 2D geometries, as depicted in Fig. 8 : a mesh grid, slotted Jerusalem crosses, and slotted cross dipole arrays. In all cases, we consider the same periodicity along z-and /-direction. The required surface reactance is tailored also in these cases by using the analytical grid-impedance expressions given in the Appendix (Eqs. (A6), (A22), and (A24)), originally derived for planar surfaces. As explained in Sec. III A, these expressions should hold for cylindrical structures, as long as the dimensions of the elements and periods among them are sub-wavelength and smaller than the local curvature. Using the available grid-impedance expressions and substituting them into the analytical formulas in Sec. II, we optimize the cloak designs to obtain scattering cancellation at the design frequency using all the three structures. The optimal design parameters of the three FSS cloaks are given in Table II for different values of a c . In Fig. 9 , we plot the grid impedances of the three structures using these optimized parameters. It can be seen that the grid impedance curves of the three FSS structures are almost identical with only small deviations at higher frequencies. Based on this fact, we next study the SW behavior of the three structures. Figure 10(a) shows the variation of the SW of the three FSS structures versus frequency for a TM-polarized illumination. Clearly, at the design frequency one can notice the scattering cancellation in all the three cases when compared to the uncloaked cylinders of comparable cross-sections. It should be noted that the medium between the dielectric cylinder object and the slotted Jerusalem cross and the slotted cross dipole cloaks is free space. We next analyze the behavior of the TM-optimized cloaks to TE-polarization incidence. Figure 10(b) shows the variation of the SW versus frequency for the dielectric cylinder covered by the TM-optimized slotted Jerusalem cross and slotted cross dipole mantle cloaks for a TE-polarized incident plane wave. Clearly, one can notice that scattering cancellation is achieved with the two structures even for TE incidence. However, the scattering minimum is achieved at slightly lower frequencies for the Jerusalem cross case.
The SWs of the slotted Jerusalem cross and the slotted cross dipole structures for both TM and TE polarizations obtained by the analytical model (Figs. 10(a) and 10(b) ) are shown in Figs. 11 and 12 , and compared with the full-wave Mesh grid results. The comparisons illustrate the effectiveness of our model and verify the accuracy of the grid-impedance analytical expressions in describing the surface reactance of conformal cylindrical cloaks. Here, the results of the mesh grid structure have not been included because the grid-impedance expression is not accurate for TE excitation. It can be noticed from Figs. 11 and 12 that the scattering behavior of the uncloaked cylinders for TE illumination is largely different from the TM case, due to the anisotropy in the shape of the object. Therefore, it may not be possible to design a mantle cloak with an isotropic X s that ensures a scattering null at the same frequency (or design frequency) for both polarizations. Hence, the X s of the cloaks proposed here have been optimized to give a null at the design frequency for TM polarization (whose scattering is usually dominant) and a null close to the design frequency for TE polarization. An extension to anisotropic mantle cloaks that can suppress both polarizations may be envisioned, but it goes beyond the scope of the present work. Figure 13 shows the full-wave simulations of the dielectric cylinder covered with and without the slotted Jerusalem cross mantle cloak for a plane wave travelling in the þx-direction with TM and TE polarizations. The two field distributions refer to the frequencies for which minimum scattering is achieved for the two illuminations in Fig. 11 . Figures 13(a)-13(d) show the amplitude of electric field distributions on the /-plane for the cloaked and uncloaked cylinders for both TM and TE polarizations, respectively. For the cloaked cases (shown in Fig. 13(a) for TM and Fig. 13(c) for TE), restoration of the planar wave fronts in the near-and far-field regions of the object is again observed, consistent with the scattering minima in Figs. 11(a) and 11(b) . Similarly, Figs. 13(e) and 13(f) illustrate the far-field radiation patterns of the cloaked and uncloaked dielectric cylinders for TM and TE polarizations, respectively, verifying the suppression of scattered waves at all angles. Similar behavior as that shown in Fig. 13 can also be obtained using the slotted cross dipole cloak, however, the results are not included here for the sake of brevity.
B. Conducting cylinder
Similar to the study carried out in Sec. III B, i.e., cloaking of conducting cylinders using 1D sub-wavelength periodic elements, in this section we focus on extending the analysis to both TM and TE polarizations using 2D subwavelength periodic elements. As stated before, the analysis here will be carried out for both polarizations based on a TM-optimized cloak design. In this case, a capacitive surface reactance is required to suppress the scattering from the cylinder. To realize this reactance, here we use the complementary cases of the 2D sub-wavelength elements studied in Sec. IV A, i.e., 2D arrays of printed patches, Jerusalem crosses, and cross dipoles (whose geometries are shown in Fig. 14) . Since, the dimensions of the periodic elements considered in this work and their relative distances are sub-wavelength, the gridimpedance expressions given in Appendix (Eqs. (A20), (A8), and (A16)) should again provide accurate results. By substituting these expressions in the analytical formalism presented in Sec. II, one can tailor the required X s to suppress the scattering from the cylinder. After a careful study of 
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these expressions, we chose a c ¼ 1:15a, with X s ¼ À39 X for our design. The final optimized parameters are given in Table III . In Fig. 15 , we plot the grid impedances of the three structures, with the design parameters given in Table III . Although the impedance of the three curves is rather different, they intersect around the design frequency for X s ¼ À39 X, as expected. Inspecting Table III , it is seen that the printed cross dipole FSS requires a cloak with larger radius (a c ¼ 1:2a), when compared to the ones used in the other two designs (a c ¼ 1:15a). The reason for choosing a higher value of a c is to achieve the required X s at the design frequency. Considering these optimized designs, in Fig.  16(a) the variation of SW versus frequency for the three structures is compared with the SW of the uncloaked cylinder with comparable cross-section. Strong scattering cancellations are obtained at the design frequency for all the cloaked cylinders. This clearly emphasizes that the mantle cloak patterned with commonly used 2D sub-wavelength elements can indeed provide the response of an ideal mantle cloak. Next, we study the behavior of these cloaks for TEpolarized excitation. Figure 16(b) shows the variation of the SW versus frequency of the conducting cylinder using the three mantle cloaks considered above, for TE-polarized illumination. As in the previous examples, the scattering reductions arise at frequencies slightly different from the design frequency (shown in green circles in Fig. 16(b) ). It can be seen that the scattering of the uncloaked conducting cylinder for TE polarization is itself very small (around À10 dB) and by utilizing the cloaks, the scattering is further reduced (i.e., reduced by 3 dB for patch arrays, 5 dB for Jerusalem crosses, and 4 dB for cross dipoles, when compared to the uncloaked cases). To validate our analytical model, we show in Fig. 17 , the comparison with numerical simulations, which agree very well for both TM and TE polarizations in all the three geometries. This shows that the analytical grid-impedance expressions derived for the planar 2D sub-wavelength elements can be effectively used to tailor the X s of the cylindrical mantle cloaks. As a further verification, we show in Fig. 18 , the variation of SW versus frequency for various N, comparing analytical model and numerical simulations. The parameters of the patch array for different N are given in Table IV . Only one curve is shown for the analytical results, shown in red color. As expected, by increasing N, the numerical results converge to the analytical ones.
Finally, we show in Figs. 19(a)-19(d) the full-wave numerical simulations of the amplitude of the E-field distributions around the conducting cylinder with and without the Jerusalem crosses cloak (whose dimensions are given in Table III) for both TM and TE polarizations. In all these cases, the plane wave is travelling along the þx-direction. For the TM case, it can be noticed that, in the presence of the cloak (Fig. 19(a) ), the scattering from the cylinder is drastically suppressed, whereas in its absence the field distribution is largely perturbed and scattered fields are observed in all directions (shown in Fig. 19(b) ). Figure 19 (e) shows the farfield radiation patterns of the conducting cylinder with and without the cloak for TM polarization. It is evident that the scattered power is drastically reduced in all directions, when compared to uncloaked scenario. For TE polarization, in the presence of the cloak, uniform field distributions can be noticed in the near-field regions (shown in Fig. 19(c) ). For the uncloaked case, the scattered field shown in Fig. 19(d) shows only small perturbations around the object. This is expected because, the scattering response for TE polarization is not as dominant as it was for TM polarization (shown in Fig. 19(b) ). The corresponding far-field radiation patterns shown in Fig. 19(f) confirm the previous results. Similar cloaking effects are found using the other FSS geometries studied in this section.
V. CONCLUSIONS
We have presented here an analytical model to design practical mantle cloaks tailored to suppress the scattering from dielectric and conducting cylindrical objects for both polarizations using various sub-wavelength periodic surfaces. It has been shown that the suitable design of a conformal mantle cloak may significantly reduce the scattering from cylindrical rods and analytical formulas to derive the required surface reactance of the conformal surface may be borrowed from established models for planar FSS. Our analytical results, based on the grid-impedance expressions available for planar geometries, have been validated using full-wave numerical simulations.
Although the accuracy of the planar grid-impedance expressions for modeling the cylindrical cloaks varies as a function of the grid parameters, number of inclusions around the cylinder, and frequency of operation, these expressions have been found very accurate even when N is small, up to N ¼ 4, for the vertical strips or mesh grid structure, slotted cross dipoles, and cross dipole arrays. Our results may greatly facilitate the implementation and design of mantle cloaks in a variety of applications, including camouflaging and invisibility, cloaked sensing, non-invasive probing, 24 and low-interference communications. The present analysis may be extended to cloaking larger objects, 3D objects (such as spheres), to oblique illumination, multifrequency operation, and to line-source excitation problems. We are currently working on these problems.
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APPENDIX: ANALYTICAL GRID IMPEDANCE EXPRESSIONS FOR THE PLANAR 1D AND 2D SUB-WAVELENGTH PERIODIC ELEMENTS
Based on the full-wave solution of the scattering problem from a dense grid of wires, with averaged impedance boundary conditions, analytical dynamic models for the grid impedances Z s of various 1D and 2D sub-wavelength periodic elements are available in terms of effective circuit parameters (capacitance and inductance). Several periodic patterns such as parallel strips, mesh grids, patches, Jerusalem crosses, cross dipoles, slotted Jerusalem crosses, and slotted cross dipoles are considered here, with the assumption that, in each case, the sub-wavelength elements are at the air-dielectric interface, with e 1 ¼ e 0 and e 2 ¼ e 0 e r . These expressions have been used along the paper to design the different mantle cloaks, and validated against full-wave simulations.
1D elements a. Vertical strips
For the vertical strips as in Fig. 2(d) 
where h s ¼ 90 À h, g 0 is the free-space wave impedance, h is the incidence angle, D, w are the geometrical parameters shown in Fig. 2(d) , and c is the speed of light in vacuum.
b. Horizontal strips
For the horizontal strips as in Fig. 5(d 
These expressions are same as that of the vertical strips (Eqs. (A1) and (A2)).
b. Jerusalem cross array
For the Jerusalem cross as shown in Fig. 14(b) 17,18
where 
and l being twice as large as the dipole's effective length, l eff .
d. Patch array
For the patch array structure (as shown in Fig. 14(a) ), obtained by considering the mesh grid array and then applying the Babinet principle, the capacitive grid impedance of the complementary structure (i.e., array of printed square patches) 13 
